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Recurrence Equations

In this section we deal with the problem of solving or bounding the
rate of growth of functions f : NT — R that are defined recursively.
We consider the typical cases that we will encounter later.
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Recurrence 1

Consider the recurrence

A )1 ifn=1
fn) = {n—kf(LgJ) if n> 1.

@ Why is f(n) interesting?
@ What is the rate of growth of f(n)?
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Recurrence 1 - motivation

e XerCiSe

2 va )0 ifn=1 N N
f(n):{ngf(L%J) b [f(n) =1+ 2f(n) = O(f(n))]

Algorithm 1 MAX(xy,...,x,) - assume n is a power of 2

©Q Base Case: If n =1 then return x;.
@ Reduction Rule: XV ¥y ¥y
' ~/T Ny

® Fori=1to 4 Do: y; < max{xi_1,x2i} 3 XY
© Return MAX(y1, ..., ¥n)2)

Number of comparisons in MAX(x1, ..., xn) equals f(n).
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Recurrence 1 - analysis

N E! ifn=1
“”Z{ ) ifn>1.

]

+

-
—
=
NS

The rate of growth of the function f(n) is ©(n).

_ ¥
@ start by proving for powers of 2. @:Q : _:_

@ what of nis not a power of 27
@ what about f(n) = n+f([5])?

n
z
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Is it enough to solve for powers of 27

Lemma

Assume that:

© The functions f(n) and g(n) are both monotonically
nondecreasing.

© The constant p satisfies, for every k € N,

g(2k+1)
g(2%)

<p.

Then,
Q If f(2X) = O(g(2%)), then f(n) = O(g(n)).

Q If F(2X) = Q(g(2%)), then f(n) = Q(g(n)). =
A

exevrcile \

N
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Recurrence 2.

Consider the recurrence

. 1 ifn=1
fln) = {n+2.f([gj) if n> 1.

@ Why is f(n) interesting?
@ What is the rate of growth of f(n)?
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Recurrence 2 - motivation

~ o )0 ifn=1 i?jf\’CKSQ
f("):{(n—1)+2?([gj) M [f(n) = f(n)+2n — 1]

Algorithm 2 SORT (x1,...,x,) - assume n is a power of 2

@ Base Case: If n =1 then return x;. Merge et
@ Reduction Rule:
O (V1,---,Yn2) < SORT (x1, ..., Xp/2)

Q (yn/2+17 cee 7yn) — SORT(XH/2+1a e aXn)
8] Return MERGE((ylv cee ayn/Q)v ()/n/2+1a oo a}/n))

Number of comparisons in SORT (xy, . .., xn) equals f(n).
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Recurrence 2 - analysis

N ! ifn=1
fn) = {n—|—2-f(LgJ) ifn>1.

The rate of growth of the function f(n) is ©(nlog n).

@ prove for powers of 2

@ extend to arbitrary n
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Recurrence 3.

Consider the recurrence

NE ifn=1
fln) = {n+3.f([gj) ifn>1.

The rate of growth of the function f(n) is ©(n'°823).

hint: £(2K) = 3k+1 _ pk+1, ~O (W)
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Example - 1

Consider the recurrence

A ) C ifn=1
f(n) = .
a-n+b+f(|5]) ifn>1,
“\V}'WLS‘

where a, b, ¢ are constants. o#0

The rate of growth of the function f(n) is ©(n).

proof: f(2K) =2a-2k+ b -k +c—2a...
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Example -2

Consider the recurrence

f()A C ifn=1
n)—=
a-n+b+2-f([5]) ifn>1,

where a, b, c = O(1). & 4o

The rate of growth of the function f(n) is ©(nlog n).

proof: We claim that f(2k) =3 k2k &+ (b+c)- ok _p
\’\‘i o suw  Ofwn a\i{\e\S W e lmrSiov

o2 0 /gt\/\& g—(ik>
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Example - 3

Consider the recurrence

Fl) 2 1 ifk=0
o l2k42-F(k—1) ifk>0,

F(k)=(k+1)-25. = ©(2 -%)

Proof: Define f(n) = F([log, n]). Observe that £(2¥) = F(x)....
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Examples with floor and ceiling

v houw wany  Elwes
Cawn “wWew ,Sa\é, o N&
0 os‘, QL‘.SL\. " A\
ik N&:\N.';‘\//a;\(\ \QnS\\.z
1 ifn=1

f(n) 2
=14 ez ifns1,
Cov\y-\*_.j?‘ (}-Q‘V\D\\J%

¥ SORT whew
g n 15 odd .
f(n)é {1 ) ) !fnzl
e n+f(12])+ F(12]) ifn>1,
wn "'\.—'L) < \/w/
cell & S;\emr »@ths intread bf;

Caw oo ignered | a,%g:j;'\) or 2~§(LV%J>
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